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Introduction

Fractional Calculus is ordinary differentiation and integratio
* Fractional boundary value problem

D — (D" +ult)) + ult) = ((t;ult)),t €(0,+=)

wl0)= ul+w=) =0

where

; <ocland f5(0+*)xR— R




Definition Let u be a function defined on (0, +=). For

N—-1=oa<n(n€N¥, the left and nght Riemann — Liouville fractional denvatives
for a function u denoted by D*+u and D™ — u respectively, are defined by

D¥+u(t) = 1" *+u(t)

n
T E:-w:l ;rﬂ L_f (t—=s) " lu(s)ds,t € (0,+=),
And
DRUME (D" A I U

=7 dﬂ. i o
- T'I‘[(nl-}m} =l (=" u(s)ds, te (0, +=),

Frovided that the right — hand side I1s pointwise defined.

In particular for a=n, D™ + u (t) = D%ult) = D"ul(t)and D™ — ul(t) = (—1)" D™u(t),
(0, +=)




=4 — = 1 5] —
Theorem: If D" +u(t)= D¥—uelY0,+=)and n — 1 =x< n, then

1"+ D" +u(t) =ult) + ¥j-, Cj (t —a)*~

I*—D* —u(t) = u(t) + ¥, Cj (b — )™~

(-u*-ipj-t
T{=—j+1

With ¢' + ERj=12..,n

Now we introduce a new space which is suitable for the study of our fractional BVP,
Proof: Let
EZ(0,4+%=) = {u € L2(0,+%=). D™ + u € L*(0, +=),u(0) = u(=) = 0},

With the natural norm

.

tea 1
EE (J; lu(t)|?dt +J; |D% + u(t)|Pdt)Z, Yu € EF(0, +=). (1.2)

Let the space C, ([0, +=))be defined by

Co ([0, +2)) = {u € C([0, +2)), R): lim&B () u(t) exists}

And endowed with the norm

L We put
. w—
llull,p = 2—p@lu(),  Jm pHt2=0
M= up (r}t*"%
Where the function p [0, +=) — (0, +==) is continuous and satisfies VEm—1,r(x) =0 P ’




Formula:

The boundary value problem:

JW[DH +u(£)D™ + u(t) + u()u(t) — f(t. u(®) )u(t)]dt = 0, for all u € E§ (0, +).
0




Detinition Let A : X —» X" be an operator on the real Banach
space X.

(a) A is said to be demicontinuous if

u, 2 uasn— +=implies Au,, - Auasn — +=,
(b) A is said to be hemicontionus if the real function.
t— (A(u + tu),w) is continuous on [0.1] foral u, v, w € X,

(c) Ais said to be coercive if

(Auu)
[l

lul [




Lemma The operator
T E§(0,+%) - T (E§(0, +2)) © L2(0,4=) = L3(0,+*)
u->Tw) =WwD*+u)

Is an isometric isomorphic mapping.

Proof. It is clear that T is a linear operatior and we now show that T conserves norms, i.e.
Vu € E§(0,+%): ||Tul|L3 = [[ul| «.
Indeed, we have

1D +w) |L3 = [Ju]] «




Theorem: E5(0,+=) is a separable space.

Proof. Since, L? (0,+=), R) is a separable Banach space, the Cartesian space
[3(0,+=)R) = L? (0, +=)R) x L? (0, +=)R)
Is also a separable Banach space with respect to the norm.
lullL3 X, | lw | |[L2where u = (uy,uy) € L3(0, +=)R).
Then, the space T(ES (0, +=)) L3 is also separable
Morcover, the operaor
T : E§(0, +%) = T(E§(0, +=) < L5(0, +«)

u-T(uw) = (u, D* + u)

is an isometric isomorphic, so E; (0,+x) is a separable space.




Lemma Forall ue Eg(0,+=) we have that E; (0, +) embeds continuously in

C, (0,+%)).
Mo > 0,|[ull ey < Mo|| e
Proof. For all ue E5(0,+=),andt > 0,
U(t)=1%(D* + u(t)),
So

Pt)u(ty=p(t) I5(D* + u(t))

Which implies from the Cauchy-Schwartz inequality

‘p(t)ff(D“ +u())] = % | J; (t — $)1 D + u(s)ds|




< ;,’((K))( I (t — )2@Dds)7 ( f D% + u(s))2ds)?

< T’f'((m))( f (t — 5)2Dds)2 ( f u(s)2ds

e 1
+J D™ + u(s)|?ds)2
0

_ “u]l e
J2 o« —1.T(x)

1
p(HHt*2

Then

[ul|, p = sup lp(t)u(t)]
t€[0,+%)

= 2o @O0 +u®)|

1
< lx supp(t)t™ 2,

e U ull,p < M|jul| «

From the definition of the norm in E5(0, +=), it is easy to see that




Theorem The embedding
Eg (0, +%) = C,([0,+%))
Is compact.
Proof. Let D ¢ E; (0, +=) be a bounded set. Then it is bounded in
Cy([0,+=)) by Lemma  LetR> 0 be such that forall u € D||u]| =< R.

We will apply Lemma

(a) D is equicontinuous on every compact interval of [0, +=).

Letu e Dandt;, t, €] < [0,+=). where J is a compact sub-interval and by the Cauchy
Schwarz inequality, we have




P + u(tl) — p(E)I™ + u(ty) = ml P(tﬂf (t; — )" tu(s)ds

- p(ty) [t — )  tu(s)ds |

t1

5 |
< %lp(h) (t; — 5)" tu(s)ds

- p(t) fy'(t =) u(s)ds |

p(ta), rt2 oc—1
T(K)U (t; — $)*tu(s)ds|

1

1 B or—
= () / | p(ty) (t; — 8)™ Tp(t) (t2 — s)™ H)||uls)|ds




P( 2)

&= (tz £ tu(s)ds|

2t
“T(Itit) [ 1( p(t)(t; — )7 = p(ty)(ty — 5)*1)%ds) /2

-—

- () [ty — 5)*2ds]

Ip(tu(ty) — |p(tdu(ty)]| = p(e)I™ + D™ + u(ty) — p(ty)ly + D™ + u(ty)]

1D + ]2
T(x)

Dm u Lz or—
+ I p () (172t — 92 2ds) 2

t1
( 0 (p(t)(t; — )™ = p(t)(t, — 5)m_1)zd5)112))

t1
= T ( (Pt =)™ = pEa) (s —s)“'l)zds)”z))

R s 2
s P(t2) () (8 — ) Vds)z > 0,

As |t; — t,] — 0.
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